Nothing is known about the thermal conductivity in twisted bilayer graphene (TBG) at small twist angles, and how it approaches its aligned value as the twist angle approaches 0 • . To provide insight into these questions, we perform large scale non-equilibrium molecular dynamics calculations on commensurate TBG structures with angles down to 1.87 • . The results show a smooth, non-monotonic behavior of the thermal conductivity with respect to the commensurate lattice constant. As the commensurate lattice constant increases, the thermal conductivity initially decreases by 50% and then returns to 90% of its aligned value as the angle is reduced to 1.89 • . These same qualitative trends are followed by the trends in the shear elastic constant, the wrinkling intensity, and the out-of-plane ZA 2 phonon frequency. The picture that emerges of the physical mechanism governing the thermal conductivity is that misorientation reduces the shear elastic constant; the reduced shear elastic constant enables greater wrinkling; and the greater wrinkling reduces the thermal conductivity. The small-angle behavior of the thermal conductivity raises the question of how do response functions approach their aligned values as the twist angle approaches 0 • . Is the approach gradual, discontinuous, or a combination of the two? arXiv:1911.04639v2 [physics.comp-ph] 
Introduction
The effect of layer misorientation on the electronic structure and the electrical conductance of bilayer graphene (BLG) and multi-layer graphene has received much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] , and interest was recently renewed by the experimental discovery of superconductivity at certain low misorientation angles [10, 11] where the electronic bands become flat at the Fermi level [3, 4] . Experimentally, the effect of interlayer rotation on the phonon spectrum has been probed extensively with Raman spectroscopy [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Theoretical research on the phonon properties of twisted bilayer graphene (TBG) finds that the phonon frequencies, density of phonon modes, phonon velocities, and specific heats of the low frequency phonon branches vary little with the interlayer rotation angle [20, [22] [23] [24] [25] . Bringing these two different lines of research together, recent theory proposes a phonon driven mechanism for the superconductivity [26] . The effect of misorientation on the in-plane thermal conductivity of TBG has received less attention [25, [27] [28] [29] [30] . The one experimental study on the in-plane thermal conductivity of TBG carried out opto-thermal measurements [31] on one TBG sample with a twist angle of ∼ 32 • , and found that interlayer misorientation reduced the in-plane thermal conductivity by up to 50% [27] .
Standard expressions for the thermal conductivity based on the phonon Boltzmann transport equation show that the lattice thermal conductivity depends on the phonon velocities, frequencies, and lifetimes. Since misorientation has little effect on the phonon velocities and frequencies, it was proposed that that the zone-folding that occurs in TBG opens up new channels for phonon scattering that are unavailable in unrotated BLG [27] . As a consequence, the phonon lifetimes are reduced, which results in a reduction in the thermal conductivity. A recent theoretical study of the of the lattice thermal conductivity of TBG with three rotation angles corresponding to the three smallest commensurate unit cells, 21.78 • , 32.17 • , and 13.17 • , found that the thermal conductivity decreased approximately linearly as the commensurate lattice constant increased [25] . The scaling of the thermal conductivity with the lattice constant rather than the angle was consistent with the hypothesis that the decreased thermal conductivity in TBG resulted from increased scattering allowed by the large zone-folding in the reduced Brillouin zones [27] .
However, the three angles considered in [25] give only a small picture within the total range of possible misorientation angles. What happens at smaller misorientation angles of 10 • or less is still an open question. It seems reasonable to expect that as the rotation angle is reduced towards zero, the thermal conductivity might return to its aligned value in some smooth manner even though the commensurate lattice constant becomes very large. If this expectation were true, then there would be a minimum in the thermal conductivity as a function of the commensurate lattice constant. Such a non-monotonic dependence of the thermal conductivity on the commensurate lattice constant would suggest that physical mechanisms other than increased scattering allowed by reduced Brillouin zones play a role in governing the thermal conductivity. To investigate the mechanisms that govern the thermal conductivity in TBG, and to provide insight into the physical mechanisms that give rise to the angle and lattice constant dependence of the thermal transport, we perform large-scale non-equilibrium molecular dynamics calculations of the thermal conductivity of TBG for commensurate twist angles down to 1.89 • , we calculate the elastic constants and the phonon spectra for the misoriented structures, and we compare the results to those from other theoretical and experimental works. For each primitive cell, the rotation angle is given along the bottom edge, the number of atoms are shown along the left edge, and the commensurate lattice constant is given along the top edge. (b) A rectangular unit cell created and then repeated for constructing the long ribbons for the thermal transport calculations.
Methods
The approach used to create the commensurate unit cells and to model their thermal conductivities was previously described in detail [25] , and only a brief description of the most important points is provided here. A total of 13 different commensurate rotation angles are considered with their commensurate primitive cells shown in Fig.  1 . For each structure, the rotation angle, lattice constant, and number of atoms in the commensurate primitive cell are shown. The sizes of the commensurate primitive cells quickly increase as the rotation angle decreases, and at the smallest angle of 1.89 • , the primitive cell contains 3676 atoms. All of the angles chosen fall along the curve of minimum commensurate primitive cells shown in Fig. 2 of Shallcross et al. [2] , except for the one angle of 20.31 • . The primitive commensurate cells for 20.31 • and 3.89 • have the same primitive commensurate cell lattice constants, even though their moiré patterns look very different. The misoriented primitive cells for all of angles that fall along the curve of minimum commensurate primitive cells appear to smoothly transition from a region of AB stacking to a region of AA stacking. For the 20.31 • structure, there are many such transitions within the primitive cell. This angle is included to test whether the physics governing the thermal conductivity is determined by the rotation angle or the size of the primitive commensurate cell. If the physics is governed by the rotation angle, then the thermal conductivities for misorientations of 3.89 • and 20.31 • should be very different. If the physics is governed by the size of the commensurate primitive cell, then the thermal conductivities should be the same.
Calculations of the phonon dispersions and thermal conductivities are performed using molecular dynamics (MD) and non-equilibrium molecular dynamics (NEMD) [32] as implemented in LAMMPS [33] . Detailed benchmarking of various interatomic potentials has been reported for graphene [34] , but there are no equivalent benchmarking studies for bilayer graphene. The common intralayer potentials include Tersoff [35, 36] , Brenner [37] , the reactive empirical bond order potential (REBO) [38, 39] , and the long-range bond-order potential for carbon (LCBOP) [40] . All of these potentials belong to empirical bond order potentials (EBOPs) [41] and treat electronic binding as effective pairs. For bilayer graphene and misoriented bilayer graphene, the long range interlayer potential is critical. To model this, a long range interlayer potential is added to the above intralayer potentials, and it generally takes the form of a Lennard-Jones (LJ) potential [38] . Most recently a new interlayer potential, dihedral-angle-corrected registry-dependent interlayer potential (DRIP), was created specifically for misoriented multilayer graphene [42] . Calculations presented here used REBO for the intralayer potential, which is the most recent extension originating from the Tersoff potential, with the two types of interlayer potentials, LJ, as implemented in the adaptive intermolecular REBO (AIREBO) potential, and DRIP. All calculations are performed with AIREBO, and the main result, the trend in the thermal conductivity, is verified with REBO+DRIP.
The thermal conductivity is calculated using non-equilibrium molecular dynamics (NEMD) implemented in LAMMPS [33] , in which a constant small heat flux is applied across the simulation domain and the gradient of the average temperature directly gives the thermal conductivity. The average temperature for all calculations is T = 300 K. For calculation of the thermal conductivity using this direct approach, the primitive cells shown in Fig. 1 are expanded into rectangular cells, and the rectangular cells are then repeated in both length and width to form long ribbons for the simulation domain. Periodic boundary conditions are used in the width direction so that there are no edges and no edge effects. When we refer to the "width" of the ribbon, we are referring to the width of the central ribbon to which we apply periodic boundary conditions. Finite width and finite length effects are both present, and they are addressed using the following approaches. The thermal conductivity of ribbons of increasing width are simulated until the thermal conductivity (κ l ) becomes independent of the width. The width at which this occurs is ∼ 70Å as shown in Fig. 2(a) . All of the simulated structures have a width greater than 70Å. The widths slightly vary, since the ribbons must be constructed from integer multiples of the primitive cells shown in Fig. 1 .
To address the finite length effect, for each angle in Fig. 1 , multiple ribbons are constructed of increasing length L ranging from 20 nm to 12.9 µm. The largest ribbon contains 8, 359, 232 atoms. The inverse of the calculated thermal conductivity 1 κ L for each length is plotted versus 1/L and fit to the line 1 [43] . As shown in Fig.  2 , the dependence of 1 κ L on 1 L is linear. The intercept at 1 L = 0 gives the converged value of κ L as L → ∞. Phonon dispersions are calculated using the Fix-phonon package of the LAMMPS code [44] . In this approach the dynamical matrix is constructed directly from the time averaged displacement-displacement correlation function evaluated during the molecular dynamics simulations. The dynamical matrix constructed in this manner is temperature dependent, and all simulations are performed at a temperature of T = 300 K. To avoid negative phonon frequencies near Γ, we use 25 × 25 × 1 supercells for all structures. The resulting supercell sizes range from 17,500 atoms (AB) to 2,229,750 atoms (1.89 • ). The total number of iterations to enforce the acoustic sum rule is set at 50. All settings are the same as those used in the NEMD simulations. Velocities of the three acoustic branches are determined by evaluating the derivatives, v = ∂ω ∂q q→0
. The elastic constants are obtained by introducing small deformations of the crystal cell around the equilibrium configuration and solving
where i, j, k, l are deformation directions in three dimensions, C ij,kl is the elastic constant, V 0 is the equilibrium volume of the relaxed structure, and δE is the potential difference recorded at each timestep. The Voigt form for the elastic constants will be used in the results and discussion; for example C 44 is the Voigt notation for C 23, 23 .
The out-of-plane wrinkling intensity is quantified with the unitless metric γ = (η A /η λ )×100%, where η A is the mean wrinkling amplitude and η λ is the mean wrinkling wavelength [45] . η A is obtained by the averaging the standard deviation of out-ofplane coordinates of every atom in each layer,
where l denotes the layer number, N is the total number of atoms, z i,l is the out-of-plane coordinate of atom i in layer l, andz l is the average out-of-plane coordinate of layer l. The wrinkling wavelength η λ is determined from the Fourier transform of z i along the heat transfer direction, 1 N j,l (z j,l −z l )e ikx j,l , where x j,l is the x coordinate of atom j in layer l.
Results
The calculated room-temperature thermal conductivities for all of the misorientation angles shown in Fig. 1 are plotted versus their commensurate primitive-cell lattice constants in Fig. 3 . The corresponding rotation angles are shown next to each data point. The first 4 points with the smallest lattice constants have a decreasing linear dependence on the commensurate lattice constant, as previously reported [25] . However, this trend abruptly ends at a commensurate lattice constant of 1.1 nm (13.17 • ), where the thermal conductivity reaches a minimum value. For commensurate lattice constants larger than 1.1 nm, the thermal conductivity monotonically increases with increasing lattice constant and returns towards the value of the unrotated AB-BLG.
For the chosen angles below 13 • , the commensurate lattice constants monotonically increase as the angles decrease. However, two very different angles, 3.89 • and 20.31 • have identical commensurate lattice constants, and their thermal conductivities are also identical. This result provides strong evidence that the thermal conductivity of TBG is a function of the commensurate lattice constant rather than the twist angle. To further support that contention, we show the thermal conductivities plotted versus rotation angle in the inset of Fig. 3 .
The calculations in Fig. 3 were performed with the AIREBO (REBO+LJ) potential. To verify that the above trend is not an artifact of the interlayer LJ potential, we performed a subset of the above calculations using REBO with the interlayer potential recently developed specifically for twisted multilayer graphene, DRIP. The results are shown in Fig. 7 in the Appendix. The trends remain the same, with a minimum thermal conductivity occurring at the commensurate lattice constant of 1.1 nm. From the phonon Boltzmann transport equation [46] , κ l = 1
N Ω q,λ ∂n ∂T ( ω λ )ν λ ν λ τ λ , two other factors that affect the thermal conductivity are the low-energy phonon frequencies and velocities. There are 6 low energy phonon branches that originate from the 3 original acoustic branches, longitudinal (LA), transverse (TA), and out-of-plane (ZA), of each individual graphene layer. We will refer to the 3 acoustic branches that go to zero frequency in the BLG and TBG structures as the LA, TA, and ZA modes and the three that have finite frequency at Γ as the LA 2 , TA 2 and ZA 2 modes. We use notation consistent with Refs. [47, 48] , but we note that the ZA 2 mode is often referred to as the ZO' mode in the literature describing Raman spectroscopy measurements [15, 49] . The phonon velocities for the LA and TA phonon branches were previously calculated for angles down to 7.34 • [22] . We now calculate their velocities for angles down to 1.89 • , and we find that over the entire range of angles, the velocities only vary in the fourth significant digit. The velocities of the LA modes lie in the range of 20.03-20.09 km/s, and the velocities of the TA modes lie in the range of 12.83-12.86 km/s. Thus, the velocities of these two modes play no role in explaining the changes in the thermal conductivity with misorientation.
The out-of-plane ZA modes in the individual graphene layers strongly couple and split in frequency when the two layers are brought together to form BLG or TBG. The Γ point frequency of the ZA 2 mode with AB stacking calculated from LAMMPS is 82.5 cm −1 . Fig. 4 shows the Γ point frequency of the ZA 2 mode, ω ZA 2 , plotted versus the commensurate lattice constant. The dependence of the frequency on the commensurate lattice constant follows the same trend as that of the thermal conductivity. The mode initially softens, it reaches a minimum frequency at the commensurate lattice constant of 1.1 nm, and then it begins to harden as the commensurate lattice constant increases. The ZA 2 frequencies for 3.89 • and 20.31 • are identical indicating a dependence on the commensurate lattice constant rather than on the angle. While the consistency of this trend is interesting, it cannot explain the trends in the thermal conductivity, since the ZA 2 mode is not expected to play a significant role in thermal transport. Since the presence of wrinkles can reduce the thermal conductivity by up to 80% [45, 50] , and, furthermore, wrinkling will always be present [51] , we investigate the wrinkling of the TBG structures. Fig. 5(a) shows a snapshot of the 13.17 • structure during the heat transfer calculation. Out-of-plane fluctuations or wrinkling are apparent in the cross-sectional view. To quantify the intensity of the wrinkling, we plot the unitless metric γ (described in Methods) as a function of the commensurate lattice constant in Fig. 5(b) . The wrinkling intensity peaks at the commensurate lattice constant of 1.1 nm corresponding to the minimum in the thermal conductivity. The qualitative trends in the wrinkling intensity track those of the thermal conductivity. The thermal conductivity is lowest when the wrinkling intensity is highest. The ease with which BLG can bend or wrinkle depends on the shear elastic constant C 44 [52] . Therefore, we calculate C 44 for the structures shown in Fig. 1, and plot the values versus commensurate lattice constant in Fig. 6 . The trend in C 44 matches the trends in the thermal conductivity and the wrinkling intensity. For AB-BLG, C 44 = 4.8 GPa, and this agrees with other experimental and theoretical values as shown in Table  1 . C 44 reaches a minimum value of 0.293 GPa at the misorientation angle of 13.17 • with a commensurate lattice constant of 1.1 nm, and then it returns to 2.9 GPa at the smallest angle of 1.89 • with a commensurate lattice constant of 7.5 nm. C 44 decreases by a factor of 16 between the maximum and minimum value. At the smallest rotation angle, it is below the AB aligned value by a factor of 1.6. The calculated numerical values for all angles are given in Table 1 . Table 1 also includes calculated values for C 11 , C 12 , and C 33 , along with experimental and theoretical values from other works. As shown in Table 1 , only C 44 is affected by interlayer misorientation.
Discussion
The picture that emerges from the above results is that the interlayer misorientation reduces the shear elastic constant C 44 which increases the wrinkling of the TBG. The increased out-of-plane wrinkling then reduces the thermal conductivity. The three parts of this mechanism, reduced C 44 , increased wrinkling, and reduced thermal conductivity, are consistent with prior results in the literature. The reduction in C 44 with misorientation is consistent with previous experimental studies on Kish graphite [53] and pyrolitic graphite [54] and a theoretical study of turbostratic graphite [52] . The theoretical study provides a clear description of how a reduction in C 44 reduces the energy for out-of-plane wrinkling [52] . Experimental measurements found that the average thermal conductivity of graphene with wrinkles is 27% lower than that of wrinkle-free graphene [50] . NEMD-AIREBO simulations found that a 10% wrinkling intensity in single layer graphene resulted in a 20% decrease in the thermal conductivity and a 20% intensity led to an 80% decrease [45] . Therefore, all of the required mechanisms that drive this process are well-established and validated in the literature.
There have been two previous calculations of the thermal conductivity of TBG [29, 30] . Both studies used LAMMPS with an optimized Tersoff-LJ potential, small structure sizes (5 nm × 13 nm) [29] (10 nm × 22 nm) [30] , incommensurate rotation angles, and open boundaries in the width direction. The last two items make comparisons with our results problematic. Because of the open boundaries, the transport was dominated by the edges of the nanoribbons [29, 30] , which, because of the incommensurate angles, change as a function of the rotation angle. In [29] , the thermal conductivity decreased as the rotation angle increased from 0 • (AB) to 15 • . Then, the thermal conductivities of 22.5 • and 30 • were larger than that of 0 • with the maximum occurring at 30 • . In [30] , the thermal conductivity monotonically decreased as the rotation angle increased from 0 • (AA) to 20 • , and then a local maximum occurred at 30 • . The pattern was mirror symmetric as the angle decreased from 60 • (AB). The maximum values occurred for AA and AB stacking, and they were equal. In both studies, a 30 • rotation caused one layer to have a zigzag edge and the other layer to have an armchair edge. The relatively smooth edges gave rise to the maximum (or local maximum) values of the thermal conductivities [29, 30] . However, the presence of angle dependent edge effects prevents meaningful comparisons with our results, since it is not clear how much of the thermal conductivity reduction was due to edge effects and how much was due to other processes.
Previous calculations of C 44 found a one-order-of-magnitude drop from 4.8 GPa to 0.274 GPa as the commensurate lattice constant increased from 2.46Å (AB) to 6.51Å (21.78 • ) [52] . As the lattice constant increased further, C 44 gradually declined to a minimum average value of 0.2 GPa at a commensurate lattice constant of 2.56 nm corresponding to a rotation angle of 11.0 • . The calculations were performed using density functional theory (DFT).
Prior calculations of the ZA 2 frequency found a drop from 95 cm −1 to 89.5 cm −1 as the commensurate lattice constant increased from 2.46Å (AB) to 6.51Å (21.78 • ) [22] . After the initial decrease, there was a slight monotonic decline to 89.1 cm −1 as the commensurate lattice constant was increased to 1.9 nm corresponding to a misorientation angle of 7.34 • . These calculations used the Born-von Karman (BvK) model for the intralayer forces and the LJ potential for interlayer forces.
One significant difference between our NEMD and MD simulations and the BvK model or DFT calculations is that our simulations explicitly take into account finite temperature effects and time-dependent thermal fluctuations. DFT is a zerotemperature theory. In the BvK approach, there is no relaxation of the structure so that the geometry of the layers remains ideally flat. In our NEMD and MD calculations, the effects of finite temperature and out-of-plane wrinkling are included both in the thermal conductivity calculations and in the construction of the dynamical matrix for the calculations of the phonon spectra.
What is unique to our results is the prediction of non-monotonic behavior of the thermal conductivity with respect to the commensurate lattice constant. For the small angle rotations, the commensurate lattice constants become extremely large. Our calculations of the thermal conductivity, C 44 , and ω ZA 2 all show a return to a value similar to, but less than the value of the aligned AB structure as the twist angle is reduced to 1.89 • . If we extrapolate the trends in C 44 , and ω ZA 2 observed previously [22, 52] , the values would continuously decline as the twist angle approached 0 • , followed by a sudden large discontinuity as the angle became exactly 0 • . At small twist angles θ 1 • , there are large regions that are close to AA stacking, large regions that are close to AB stacking, and connecting regions that are misaligned. Whether it is appropriate to view the thermal conductivity of such structures as an average of different macroscopic regions of aligned structures and misaligned structures is unclear, but such a view would be consistent with the small-angle trend that we observe. If such a perspective is correct, it raises the question of what length scale determines when such a view is permissible or not.
Summary, Conclusions, and Open Questions
Large scale room temperature NEMD calculations of the thermal conductivity of twisted bilayer graphene find a non-monotonic dependence of the thermal conductivity on the commensurate lattice constant. At a commensurate lattice constant of 1.1 nm corresponding to an angle of 13.2 • , the thermal conductivity falls to 50% of the value of the aligned AB structure. As the commensurate lattice constant increases, the thermal conductivity also increases and reaches 91% of the AB value at a commensurate lattice constant of 7.5 nm corresponding to an angle of 1.89 • . The commensurate-latticeconstant-dependent trends in the thermal conductivity are also followed by the trends in the shear elastic constant C 44 , the wrinkling intensity, and the frequency of the outof-plane ZA 2 mode. The picture that emerges from these results is that the interlayer misorientation reduces the shear elastic constant C 44 , the reduced shear elastic constant allows increased wrinkling of the TBG, and the increased wrinkling reduces the thermal conductivity. The small-angle approach of the thermal conductivity towards its value in the aligned structure raises the question of how response functions approach their aligned values as the twist angle approaches 0 • . Is the approach gradual, discontinuous, or a combination of the two? Environment (XSEDE) [55] which is supported by National Science Foundation Grant No. ACI-1548562 and allocation ID TG-DMR130081. Used resources include Stampede and Comet. Table 1 .
Calculated elastic constants of AB-BLG and TBG. from prior DFT calculation and from our MD calculation using the hybrid REBO and LJ potentials Rotation angle ( • ) C 11 (GPa) C 12 (GPa) C 33 (GPa) C 44 (GPa) 0(EXP) [53] 1109±16 139±36 38.7±7 5±3 0(DFT) [ To verify that the trends shown in Fig. 3 are not an artifact of the AIREBO implementation of the LJ potential, we performed a subset of the calculations using REBO+DRIP. Five commensurate angles are selected: 0 • (AB), 21.78 • , 13.17 • , 9.43 • and 1.89 • . Instead of running multiple simulations of different lengths for each angle and extracting the L = ∞ value of the thermal conductivity, we choose one length of ∼ 130 nm for each angle and a width of ∼ 15 nm. Since the structures are composed of integer numbers of primitive cells that have different sizes, the actual widths lie between 149.12Å to 150.09Å, and the lengths range from 1284.88Å to 1304.14Å. Due to the finite lengths, the quantitative values will be lower, than those in Fig. 3 , however, here, we only wish to confirm the non-monotonic trend of the thermal conductivity with the commensurate lattice constant. All other settings related to the NEMD simulations, periodic boundary conditions in the width direction, and temperature (300 K) are as described in the Methods section. It is clear from the results shown in Fig. 7 that the trends in the thermal conductivity with respect to the commensurate lattice constant are unaffected by the choice of the interlayer potential. 
